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µ(ω) =
∑

k

∫

dω′Ak(ω
′)µ0k(ω − ω′)
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Integrating PED over emission angles: Interacting Particles

By integrating over all emission angle and photoelectron energies at

fixed incoming photon energy we meausre the total absorption coeffi-

cient at that photon energy

Integrating PED over emission angles: Independent Particle

Approximation

By integrate over all emission angles at a fixed electron kinetic energy

we have a measure of the number of created core holes and therefore

of the number of photo-emission events. This number is proportional

to the absorption coefficient at the chosen energy, as born out by the

mathematical derivation in the framework of MST.

In both cases the integration process eliminates the physical detector

located outside the sample and replaces it with the atomic emitter

(since we count the number of holes), which becomes in this way

both the source and the detector of the photo-electrons.



MATTER-RADIATION INTERACTION

D. Sebilleau et al J. Phys.: Condens. Matter 18 R175 2006

Multiple Scattering Theory for Spectroscopies; Sébilleau, D.,

Hatada, K., Ebert, H., Eds.; Springer International Publishing:

Berlin/Heidelberg, Germany, 2018; Volume 204

Definition of cross-section: Transition probability per unit time

divided by the incident flux

v

V
σ = wf |i

Wi→f =
2π

~

∣

∣< Φf |TI |Φi >
∣

∣

2
ρ(Ef)

Definition of the absorption coefficient

dN

dx
= −Nnσ → N = N0 e

−µx

where n is the number of absorbing centers (molecules) per unit

volume and µ = nσ



General expression of the cross-section

H = HP +HM + VI = Ho+ VI

Eigenstates of the unperturbed hamiltonian Ho

|Φ >= |ϕp > |φm >

where EF is determined by







Ho|Φi > = Ei|Φi > with Ei = Ei+ Ei

Ho|Φf > = Ef |Φf > with Ef = Ef + Ef



Transition probability per unit time

Wi→f =
2π

~

∣

∣< Φf |TI |Φi >
∣

∣

2
ρ(Ef)

Expression for Transition Operator TI

TI = VI + VIG(Ei)VI

where the Resolvent G(Ei) is given by

G(Ei) = lim
ǫ→0+

1

Ei −H + iǫ

G(Ei)|Ψn >=
|Ψn >

Ei − En



To second order in VI

TI ≈ VI + VIGo(Ei)VI
Cross-section for incoming photons

VI =
e

m
~A · ~p+

e2

2m
~A2

~A(~r) =
∑

~q,ê~q

√

~

2ǫ0ω~qV

[

a~q,ê~q
ei~q·~rê~q + a

†
~q,ê~q

e−i~q·~rê∗~q

]

T
(2)
I =

e

m
~A · ~p+

( e

m

)2 [m

2
~A · ~A+ ~A · ~pGo(Ei) ~A · ~p

]

+O(
e3

m3
)



For photo-absorption

Tabs
I =

e

m

∑

~q,ê~q

√

~

2ǫoω~qV
(ê~q · ~p) a~q,ê~q e

i~q·~r

The photo-absorption cross-section is obtained by dividing the t.p.

per unit time Wi→f by the incident photon flux IP = c/V

σabs = 4π2α
~

m2ω~q

∑

f

∣

∣

∣
< φf |ê~q · ~p ei~q·~r|φi >

∣

∣

∣

2
δ(Ei − Ef + ~ω~q)

Using

< φn|ê~q · ~p|φm >= imω~q < φn|ê~q ·~r|φm >

we finally get

σabs = 4π2α ~ω~q

∑

f

∣

∣

∣
< φf |ê~q ·~r|φi >

∣

∣

∣

2
δ(Ei − Ef + ~ω~q)



Photoemission cross-section: Many body

dσ(ω)

dk̂
= 4π2α ~ω

∣

∣

∣

∣

∣

< ΘΨN
~k
|~e ·

n
∑

i=1

~ri|ΨN
g >

∣

∣

∣

∣

∣

2

Photoemission cross-section: Independent Particle Approach

dσ

dk̂
= 4π2α~ω| < ψ−

k
(r)|ǫ · r|φc > |2

Scattering processes a): Thomson scattering

< Φf |T
(2)
I (a)

|Φi > =
e2

2m

~

2ǫoV

1
√

ω~qfω~qi
< Φf |(ê∗~qf · ê~qi)e

i(~qi−~qf)·~r

×
[

a~qiê~qi
a
†
~qf ê~qf

+ a
†
~qf ê~qf

a~qiê~qi

]

|Φi >



Scattering processes b) and c): Resonant and non-resonant contribu-

tions























































< Φf |T
(2)
I (b)

|Φi > = N
∑

n

< φf |ê∗~qf · ~p e
−i~qf ·~r|φn >< φn|ê~qi · ~p e

i~qi·~r|φi >

Ei −En+ ~ω~qi + iǫ

< Φf |T
(2)
I (c)

|Φi > = N
∑

n

< φf |ê~qi · ~p e
i~qi·~r|φn >< φn|ê∗~qf · ~p e

−i~qf ·~r|φi >

Ei −En − ~ω~qf + iǫ

N = (
e

m
)2

~

2ǫoV

1
√

ω~qfω~qi

To find the Cross-section for scattering processess we need to divide

by the incoming flux c/V and multiply by the photon final density of

states V
(2π)3

(~ω~qf
)2

~3c3



Cross-section for scattering processes with ~Q = ~qf − ~qi

dσ

dΩ
= r2o

ω~qf

ω~qi

∣

∣

∣

∣

∣

ê∗~qf · ê~qi< φf | e−i
~Q·~r |φi >

1

m





∑

n

< φf |ê∗~qf · ~p e
−i~qf ·~r|φn >< φn|ê~qi · ~p e

i~qi·~r|φi >

Ei −En+ ~ω~qi + iǫ

+
< φf |ê~qi · ~p e

i~qi·~r|φn >< φn|ê∗~qf · ~p e
−i~qf ·~r|φi >

Ei −En − ~ω~qf + iǫ





∣

∣

∣

∣

∣

∣

2

where ro = e2/(4πǫ0mc
2) is the classical electron radius



In the case of elastic scattering and resonant conditions, putting

fT (
~Q) =

∫

|ρ(~r)|e−i~Q·~rd~r and ~Q = ~qf − ~qi

dσ

dΩ
= r2o

∣

∣

∣

∣

∣

ê∗
~qf

· ê~qi fT (~Q)+

1

m

∑

n

< φi|ê∗~qf · ~p e
−i~qf ·~r|φn >< φn|ê~qi · ~p e

i~qi·~r|φi >

Ei −En+ ~ω~qi + iǫ

∣

∣

∣

∣

∣

∣

2

dσ

dΩ
= r2o

∣

∣

∣
ê∗
~qf

· ê~qi fT (~Q) + f ′(~ω~qi) + if ′′(~ω~qi)
∣

∣

∣

2

f ′′(~ω~qi) = − π
m

∑

n < φi|ê∗~qf · ~p e
−i~qf ·~r|φn >< φn|ê~qi · ~p e

i~qi·~r|φi >
δ(Ei − En+ ~ω~qi)



Writing ~r = ~rk +
~Rk we find

dσ

dΩ
= r2o

∣

∣

∣

∣

∣

ê∗~qf
· ê~qi f

k
T (
~Q)+

1

m

∑

n

< φi|ê∗~qf · ~p e
−i~qf ·~rk|φn >< φn|ê~qi · ~p e

i~qi·~rk|φi >

Ei − En+ ~ω~qi + iǫ

∣

∣

∣

∣

∣

∣

2

∣

∣

∣

∣

∣

∣

∑

k

e−i
~Q·~Rk

∣

∣

∣

∣

∣

∣

2

In the case of many atoms per unit cell at positions ρj the

structure factor is given by

F(~Q, ~ω) =
∑

j

e−iQ̃·ρ̃j fj(ω)



REXS: Resonant Elastic X-ray Scattering

dσ

dΩ
= r2o

∣

∣

∣

∣

∣

ê∗qf · êqi fT (Q)+

1

m

∑

n

〈φi|ê∗qf · p e−iqf ·r|φn〉 〈φn|êqi · p eiqi·r|φi〉
Ei − En+ ~ωqi − iΓn

∣

∣

∣

∣

∣

2

dσ

dΩ
= r2o

∣

∣

∣
ê∗qf · êqi fT (Q) + f ′(~ωqi) + if ′′(~ωqi)

∣

∣

∣

2

f
′′
j (E) =

r0
m

∑

LL′
〈φ(j)i |ê∗qs · p e−iqs·r|Φ̃L(rj;E)〉〈Φ̃L′(rj;E)|êqi · p eiqi·r|φ(j)

i
〉

× (−1

π
)ℑ

[

τ
jj
LL′(E)− T

jj
LL′(E)

]

fj(ω) =

∫ ∞

0
dE

f
′′
j (E)

~ω − (E + Ic)− iΓ(E)



LEED: Low-Energy Electron Diffraction

dσ

dk̂s
= (4π)2

∣

∣

∣

∣

∣

∣

∑

i,L

∑

j,L′
i−l′YL′(k̂s) e

iks·Rij τ ji
L′Li

lYL(k̂i)e
−iq·Rio

∣

∣

∣

∣

∣

∣

2

EELS: Electron Energy Loss Spectroscopy

dσ

dk̂f
= −4π3

kf

ki

∑

mo

∑

L,L′
ℑ
[

M∗
LoL

τ00LL′ML′Lo

]

MLLo =

∫

Φ̃L(r)T(r)φLo
(r) dr

T±(r) =

∫

φ−∗
f

(r′)
(

1

|r− r′|
± 4π

|ki − k|
δ(r− r′)

)

φ+
i
(r′) dr′



MULTIPLE SCATTERING THEORY

From Dyson equation (with complex self-energy)

[

∇2 + E − Vc(r)−Σ(r;E)
]

ψ(r) = 0

with boundary conditions

ψ(r;k) ≃
(

k

16π3

)
1
2

[

eik·r + f (̂r;k)
eikr

r

]

introducing G+
0 (r− r′)

[

∇2 +E
]

G+
0 (r− r′) = δ(r− r′)

we get THE LIPPMANN-SCHWINGER equation

ψ(r;k) = eik·r +
∫

G+
0 (r− r′)V (r′;E)ψ(r′;k) d3r′



Remembering the expansions

eik·r = 4π
∑

L

ilYL(k̂)JL(r; k)

G+
0 (r− r′;E) =

∑

L

JL(r; k)H̃
+
L (r′; k) (r < r′)

=
∑

L

JL(r
′; k)H̃+

L (r; k) (r > r′)

and putting

ψ(r) =
∑

L

AL(k)ψL(r)

AL = 4πilYL(k̂)

we find

ψL(r; k) = JL(r; k) +

∫

G+
0 (r− r′; k)V (r′)ψL(r

′; k) d3r′





At great distances

ψL(r; k) = JL(r; k) +
∑

L′
H̃+
L′(r; k)

∫

JL′(r′; k)V (r′)ψL(r
′; k) d3r′

= JL(r; k) +
∑

L′
H̃+
L′(r; k) TL′L

Defining

TL′L =

∫

JL′(r; k)V (r)ψL(r; k) d
3r

Partition the space in cells Ωj - Introduce local solutions

ψL(rj; k) = JL(rj; k) +

∫

Ωj

G+
0 (rj − r′j; k) vj(r

′
j)ψL(r

′
j; k) d

3r′j

THEN THE GLOBAL SOLUTION CAN BE EXPRESSED

LOCALLY AS

ψ(rj;k) =
∑

L

C
j
L(k)ψL(rj; k)



Referring to center Ri (ri = r−Ri)

ψ(ri;k) = eik·ri eik·Ri

+

∫

Ωi

G+
0 (ri − r′i; k) vi(r

′
i)ψ(r

′
i;k) d

3r′i

+
∑

j 6=i

∫

Ωj

G+
0 (rj − r′j; k) vj(r

′
j)ψ(r

′
j;k) d

3r′j

Using the local representation we obtain
∑

L

CiL(k) JL(ri; k) = eik·ri eik·Ri

+
∑

j 6=i

∫

Ωj

G+
0 (rj − r′j; k) vj(r

′
j)

∑

L

C
j
L(k)ψL(r

′
j; k) d

3

We use the two center expansion for G+
0 (r− r′; k)

G+
0 (r− r′; k) =

∑

LL′
JL(ri; k)G

ij
LL′ JL(rj; k)



where G
ij
LL′ are the KKR structure factors

G
ij
LL′ = 4π

∑

L′′
C(L,L′;L′′) il−l

′+l′′ H̃+
L′′(Rij; k)

with

C(L,L′;L′′) =

∫

YL(Ω)YL′(Ω)YL′′(Ω)dΩ

Finally for the amplitudes CiL(k) we find

CiL(k) = IiL(k) +
∑

j 6=i

∑

L′L′′
G
ij
LL′ T

j
L′L′′C

j
L′′(k)

with

IiL(k) =

√

k

π
ilYL(k̂)e

ik·Ri



Introduce the local scattering amplitudes

B
j
L(k) =

∑

L′
T
j
LL′C

j
L′(k)

so that

ψ(rj) =
∑

L

B
j
L(k)ΦL(rj)

The amplitudes B
j
L(k) satisfy the MS Equations

∑

jL′

(

T−1 −G
)ij

LL′B
j
L′(k) = IiL(k)

In the case of periodic systems
∑

jL′

(

T−1 −G(kBZ;E)
)

LL′BL′(kBZ) = 0



Introducing the scattering path operator

τ
ij
LL′ =

[

(

T−1 −G
)−1

]ij

LL′
=

[

∑

n

(TG)nT

]ij

LL′
=

[

∑

n

T (GT)n

]ij

LL′

we have the solution

BoL(k) =
∑

jL′
τ
oj
LL′i

l′YL′(k̂)eik·Rjo(k/π)1/2

Generalized optical theorem for real potentials

and projected density of states
∫

dk̂
[

BiL(k)
]∗
B
j
L′(k) = −1

π
ℑ

[

τ
ij
LL′

]

Photoemission cross-section

dσ

dk̂
= 4π2α~ω| < ψ−

k
(r)|ǫ · r|φc > |2



dσ

dk̂
= 4π2α~ω

∑

Lc

∣

∣

∣

∣

∣

∑

L

MLcL [BoL(k)]
⋆

∣

∣

∣

∣

∣

2

MLcL (E) =

∫

Ωo

d ro φ
c
Lc
(ro) (ǫ · ro)ΦL(ro; k)

XAS: X-ray Absoprtion; real potential

σtot(ω) =

∫

dσ

dk̂
dk̂ ∝

∑

LL′
MLcL

∫

dk̂ [BoL(k)]
⋆BoL′(k)ML′Lc

= −1

π
ℑ

∑

LL′
MLcL

[

τooLL′
]

ML′Lc

Connection between GF and XAS
[

∇2 + E − Veff(r)
]

G+(r− r′;E) = δ(r− r′)

Solution: Spectral Representation

G(r, r′;E) =
∑

n

Φn(r)Φn(r′)
E −En



so that

ℑG(r, r′;E) = −1

π

∑

n

Φn(r)Φn(r
′) δ(E −En)

Remembering that

σabs = 4π2α ~ω
∑

f

∣

∣< Φf |ǫ̂ ·~r|Φi >
∣

∣

2
δ(Ei − Ef + ~ω)

we find

σtot(ω) ∝ −1

π
ℑ
∫

< φcLc(ro)|ǫ̂ · r|G(r, r′;E)|ǫ̂ · r′|φcLc(r
′
o) > drdr′

Explicit solution of GF in MST

G(r, r′;E) =
∑

LL′
ΦL(ro) τ

oo
LL′ ΦL′(r′o)−

∑

LL′
ΦL(ro<)Λ̃

+
L (ro>)

Therefore

σtot(ω) = −1

π
ℑ

∑

LL′
MLcL

[

τooLL′
]

ML′Lc

∫

drℑG(r, r;E) =
∑

iL

∫

Ωi

dr |Φi
L(ri; k)|2ℑτ iiLL





XAS: X-ray Absoprtion; complex potential

Alternative form of the GF

G(ri, r
′
j;E) =

∑

LL′
Φi
L(ri; k)[τ

ij
LL′ − δij T

i
LL′]Φ

j
L(rj; k)

+ δij
∑

LL′
Φi
L(r<; k)T

i
LL′Φ̃

i
L′(r

′
>; k)

In this case

σabs(ω) = σsct(ω) + σat(ω)

where

σsct(ω) = −8π α ~ω
∑

L

ℑMLcL (E)

∞
∑

n=2

[(TG)nT]ooLLMLcL (E)

σat(ω) = −8π α ~ω
∑

LL′
ℑM̃Lc;LL′ T oLL′

M̃Lc;LL′ =

∫

Ωo

drdr′ < φcLc(ro)|ǫ̂ · r|Φ
i
L(r<; k)Φ̃

i
L′(r

′
>; k)|ǫ̂ · r′|φcLc(r

′
o) >

χ(ω) =
σsct(ω)

σat(ω)



Bouldin et al, Phys. Rev B 38, 10816 (1988)





The mean free path: general term of MS series

[(TG)n]ooLL′ =
∑

ij...k

∑

L1L2...Ln

tol G
oi
LL1

til1
G
ij
L1L2

t
j
l2
....GkoLnL′

If δ = δ1 + i δ2

kt = eiδ sin δ = e−2δ2 eiδ1 sin δ1 +
i

2
[1− e−2 δ2]

ℑkt = |kt|2 +
1

4
[1− e−4 δ2] ≈ |kt|2 + δ2

G
ij
LL′ ≈ −4π i(l−l

′) YL(Ri)YL′(Rj)
ei k

IRij

kIRij
g0ll′(k

IRij)

where kI = [E − VI]
1/2 = kI1 + ikI2. For three sites o, i, j the damping

is given by an exponential factor with exponent

−2δo2 − kI2Roi − 2δi2 − kI2Rij − 2δ
j
2 − kI2Rjo

In the WKB approximation

δj =

∫ Rj

0
[E − Vj(r)]

1/2dr − kIRj



so that, writing Rpath = Roi + Rij + Rjo, the damping factor is given

by

e−κ2Rpath

where

κ2 =
1

Rpath
ℑ
∫

path
[E − V (r)]1/2dr

Therefore

λ =
1

2κ2

Usually [E − V1(r)] ≫ V2(r)

[E − V (r)]1/2 ≈ [E − V1(r)]
1/2 +

i

2

V2(r)

[E − V1(r)]
1/2

so that

κ2 =
1

2Rpath

∫

path

V2(r)

[E − V1(r)]
1/2

dr ≤ 1

2kRpath

∫

path
V2(r)dr

Finally

λ(au) =
k(au)−1

Σ2(Ryd)
=

E(Ryd)

k(au)−1Σ2(Ryd)





Construction of the Muffin-Tin (MT) potential

Natoli et al J. Synchrotron Rad. 10, 26-42 (2003)

Vc(r) = −
∑

k

2Zk
|r−Rk|

+2

∫

dr′
ρ(r′)
|r− r′|

ρ(r) is obtained by superposition of self-consistent atomic charge den-

sities following Mattheiss prescription

ρotot(r) = ρo(r) +
∑

j

1

2Rjr

∫ R+r

|R−r|
ρj(rj)rjdrj

V otot(r) = V o(r) +
∑

j

1

2Rjr

∫ R+r

|R−r|
Vj(rj)rjdrj

Vj(r) = 4π

[

2

r

∫ r

0
r2j ρ(rj)drj +2

∫ ∞

r
ρ(rj)rjdrj

]

V c =
1

∆Ω

∫

∆Ω
Vc(r)dr =

1

4π∆Ω





∫ Ro

0
V oc (r)r

2dr −
∑

j

∫ Rj

0
V
j
c (rj)r

2
j drj







ρint =
1

∆Ω

∫

∆Ω
ρ(r)dr =

1

4π∆Ω





∫ Ro

0
ρotot(r)r

2dr −
∑

j

∫ Rj

0
ρj(rj)r

2
j drj





Determination of MT radii

Norman radii
∫ RNormi

0
ρj(ri)r

2
i dri = Zi

Then

Ri(j) =
RNorm
i(j)

Rij

RNormi +RNormj

Local Density Approximation for Σ(r;E): Hedin-Lundqvist

Potential

Σ(r;E) ≈ Σh[p(r), E − Vc(r); ρ(r)] ≡ Vexc(r)

Since E − Vc(r) ≈ p2(r)

Vexc(r) ≃ Σh[p(r), p
2(r); ρ(r)]

p2(r) +Σh[p(r), p
2(r); ρ(r)] = k2 + k2F (r) +Σh[kF , k

2
F ; ρ(r)]



kF = (3π2ρ)1/3 =
1

βrs
rs = [

3

4πρ
]1/3 β = [

4

9π
]1/3 ≈ 0.52

Σh(p, ω) =
i

(2π)4

∫

eiω
′δ V (p′)
ǫ(p′, ω′)

G0(p+ p′, ω+ ω′)dp′dω′

G0(p, ω) =
1

ω − p2 + isign(ω − ǫF )

1

ǫ(p, ω)
= 1+

ω2
p

ω2 − ω2
1(p)

ωp = 4[
βrs

3π
]1/2ǫF =

41.7

[rs(au)]3/2
eV

ω2
1(p) = ω2

p + ǫ2F

[

4p2

3k2F
+
p4

k4F

]
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DELOCALIZED INITIAL CORE
STATE: THE CASE OF K-EDGE
PHOTOABSORPTION OF N2

MOLECULE

—————————–

σtot(ω) ∝ −1

π
ℑ
∫

< φcLc(ro)|ǫ̂ · r|G(r, r′;E)|ǫ̂ · r′|φcLc(r
′
o) > drdr′

What happens if

φcLc(ro) ≡ φg, u(r) =
1√
2

(

φ(r1)± φ(r2)
)

We easily find, remembering the form of the GF:

σabs(ω) = 4πα~ω





∑

LL′
ML(E)ℑτ11

LL′M
⋆
L′(E)±

∑

LL′
ML(E)ℑτ12

LL′M
⋆
L′(E)







In the Born approximation, from the equation obeyed by the scattering

path operator τ

τ
ij
LL′ = T iLL′δij +

∑

LL′k

T iLLG
i k
LL′ τ

k j
L′L′

τ
11
LL′ ≈ tl τ

12
LL′ ≈ tlG

12
LLtl

Therefore

σabs ≈ σat

(

1 ± All(kR)
sin(kR+2δ1 + φll(kR))

kR

)

This is the generalization of the celebrated COHEN-FANO formula,

interpreted as a molecular manifestation of the Young’s two slit ex-

periment ( H. Cohen and U. Fano, Phys. Rev. 150, 30 (1966)).

The MS expression however does not support this interpretation.
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